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Recapitulation







• A pair of physical variables describing a quantum-mechanical system such that their 

commutator is a nonzero constant; either of them, but not both, can be precisely 

specified at the same time.

• The technical term is "canonically conjugate" variables. For the moving electron, 

the canonically conjugate variables are in two pairs: momentum and position are 

one pair, and energy and time are another.



A. If the operators A and B commute, then it is possible to find a simultaneous set of 
eigenfunctions. 

C. If the operators A and B do not commute, that is, if [ A , B] ≠ 0, then there does not exist a 
common set of eigenfunctions of the two operators. This means that the corresponding observables 
can not have sharp values simultaneously; they are not compatible. 

B. If the observables A and B are compatible, that is, if there exists a simultaneous set of 
eigenfunctions of the operators A and B, then these operators must commute; [ A , B] = 0.













The radius vector  𝑟 is given as

 𝑟 = 𝑂𝑃 =  𝑖𝑥 +  𝑗𝑦 + 𝑘𝑧

𝑟2 = 𝑥2 + 𝑦2 + 𝑧2



𝑟2 = 𝑥2 + 𝑦2 + 𝑧2          (8) 

 

From Figure 1 we have 

 

𝑥 = 𝑟 sin 𝜃 cos
𝑦 = 𝑟 sin 𝜃 sin 
𝑧 = 𝑟 cos𝜃

           (9) 

 

tan  =
𝑦

𝑥
          

 (10) 

Hence, 𝑟 = 𝑂𝑃      = 𝑖 𝑟 sin 𝜃 cos + 𝑗 𝑟 sin 𝜃 sin  + 𝑘  𝑟 cos 𝜃    

 (11) 

 

From eqn. 9 

 

𝑑𝑥 = sin 𝜃 cos 𝑑𝑟 + 𝑟 cos𝜃 cos 𝑑𝜃 − 𝑟 sin 𝜃 sin  𝑑    

 (12) 

 

𝑑𝑦 = sin 𝜃 sin 𝑑𝑟 + 𝑟 cos 𝜃 sin 𝑑𝜃 + 𝑟 sin𝜃 cos 𝑑    

 (13) 

 

𝑑𝑧 = cos 𝜃 𝑑𝑟 − 𝑟 sin 𝜃 𝑑𝜃        

 (14) 

 

Solving for 𝑑𝑟, 𝑑𝜃 and 𝑑 we have 

 

𝑑𝑟 = sin 𝜃 cos𝑑𝑥 + sin 𝜃 sin  𝑑𝑦 + cos𝜃 𝑑𝑧     

 (15) 

 

𝑑𝜃 =
1

𝑟
cos𝜃 cos 𝑑𝑥 +

1

𝑟
cos 𝜃 sin 𝑑𝑦 −

1

𝑟
sin𝜃 𝑑𝑧    

 (16) 

 

𝑑 =
1

𝑟 sin 𝜃
 − sin 𝑑𝑥 + cos 𝑑𝑦        

 (17) 

Using these relationships we have 

 
𝜕

𝜕𝑥
=

𝜕𝑟

𝜕𝑥

𝜕

𝜕𝑟
+

𝜕𝜃

𝜕𝑥

𝜕

𝜕𝜃
+

𝜕

𝜕𝑥

𝜕

𝜕
  

 
𝜕

𝜕𝑥
= sin 𝜃 cos 

𝜕

𝜕𝑟
+

1

𝑟
cos 𝜃 cos

𝜕

𝜕𝜃
−

1

𝑟

sin 

sin 𝜃

𝜕

𝜕
     

 (18) 

 
𝜕

𝜕𝑦
=

𝜕𝑟

𝜕𝑦

𝜕

𝜕𝑟
+

𝜕𝜃

𝜕𝑦

𝜕

𝜕𝜃
+

𝜕

𝜕𝑦

𝜕

𝜕
  

 
𝜕

𝜕𝑦
= sin 𝜃 sin 

𝜕

𝜕𝑟
+

1

𝑟
cos𝜃 sin 

𝜕

𝜕𝜃
+

1

𝑟

cos 

sin 𝜃

𝜕

𝜕
     

 (19) 

 
𝜕

𝜕𝑧
=

𝜕𝑟

𝜕𝑧

𝜕

𝜕𝑟
+

𝜕𝜃

𝜕𝑧

𝜕

𝜕𝜃
+

𝜕

𝜕𝑧

𝜕

𝜕
  

 
𝜕

𝜕𝑧
= cos𝜃

𝜕

𝜕𝑟
−

1

𝑟
sin 𝜃

𝜕

𝜕𝜃
        

 (20) 



From eqn. 8 the following relations can be shown 

 
𝜕𝑟

𝜕𝑥
=

𝑥

𝑟
𝜕𝑟

𝜕𝑦
=

𝑦

𝑟

𝜕𝑟

𝜕𝑧
=

𝑧

𝑟 
 
 

 
 

          

 (21) 

 

From eqn. 9 

 

𝑧 = 𝑟 cos 𝜃  

 

𝜃 = cos−1  
𝑧

𝑟
 = cos−1  

𝑧

 𝑥2+𝑦2+𝑧2
   

 
𝜕𝜃

𝜕𝑥
=

𝑥𝑧

 𝑥2+𝑦2 1 2 𝑟2

𝜕𝜃

𝜕𝑦
=

𝑦𝑧

 𝑥2+𝑦2 1 2 𝑟2

𝜕𝜃

𝜕𝑧
=

− 𝑥2+𝑦2 
1 2 

𝑟2  
 
 

 
 

         

 (22) 

 

From eqn. 10 

 

tan  =
𝑦

𝑥
  

 

 = tan−1  
𝑦

𝑥
   

 
𝜕

𝜕𝑥
= −

𝑦

𝑥2+𝑦2

𝜕

𝜕𝑦
=

𝑥

𝑥2+𝑦2

           

 (23) 



Hence, 𝐿𝑥  is spherical polar coordinate is given as 

 

𝐿𝑥 = −𝑖ħ  𝑦
𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑦
   

 

𝐿𝑥 = 𝑖ħ  𝑧
𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑧
   

 

𝐿𝑥 = 𝑖ħ  𝑧  
𝜕𝑟

𝜕𝑦

𝜕

𝜕𝑟
+

𝜕𝜃

𝜕𝑦

𝜕

𝜕𝜃
+

𝜕

𝜕𝑦

𝜕

𝜕
 − 𝑦  

𝜕𝑟

𝜕𝑧

𝜕

𝜕𝑟
+

𝜕𝜃

𝜕𝑧

𝜕

𝜕𝜃
+

𝜕

𝜕𝑧

𝜕

𝜕
     

 

𝐿𝑥 = 𝑖ħ   𝑧
𝜕𝑟

𝜕𝑦
− 𝑦

𝜕𝑟

𝜕𝑧
 

𝜕

𝜕𝑟
+  𝑧

𝜕𝜃

𝜕𝑦
− 𝑦

𝜕𝜃

𝜕𝑧
 

𝜕

𝜕𝜃
+  𝑧

𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑧
 
𝜕

𝜕
   

 

𝐿𝑥 = 𝑖ħ   𝑧  
𝑦

𝑟
 − 𝑦  

𝑧

𝑟
  

𝜕

𝜕𝑟
+  

𝑦𝑧2

 𝑥2+𝑦2 1 2 𝑟2 +
𝑦 𝑥2+𝑦2 

1 2 

𝑟2
 
𝜕

𝜕𝜃
+

𝑥𝑧

𝑥2+𝑦2

𝜕

𝜕
   

 

𝐿𝑥 = 𝑖ħ  
𝑦

𝑟2
 

𝑧2

 𝑥2+𝑦2 1 2 +  𝑥2 + 𝑦2 1 2  
𝜕

𝜕𝜃
+

𝑥𝑧

𝑥2+𝑦2

𝜕

𝜕
   

 

𝐿𝑥 = 𝑖ħ  
𝑦

𝑟2
 
𝑧2+𝑥2+𝑦2

 𝑥2+𝑦2 1 2 
 
𝜕

𝜕𝜃
+

𝑥𝑧

𝑥2+𝑦2

𝜕

𝜕
   

 

𝐿𝑥 = 𝑖ħ  
𝑦

𝑟2
 

𝑟2

 𝑥2+𝑦2 1 2 
 
𝜕

𝜕𝜃
+

𝑥𝑧

𝑥2+𝑦2

𝜕

𝜕
   

 

𝐿𝑥 = 𝑖ħ  
𝑦

 𝑥2+𝑦2 1 2 

𝜕

𝜕𝜃
+

𝑥𝑧

𝑥2+𝑦2

𝜕

𝜕
   

Now,  

 
𝑦

 𝑥2+𝑦2 1 2   

 

=
𝑦

 𝑟2−𝑧2 1 2   

 

=
𝑦

 𝑟2−𝑟2cos 2𝜃 1 2   

 

=
𝑦

 𝑟2sin 2𝜃 1 2   

 

=
𝑦

𝑟 sin 𝜃
  

 

=
𝑟 sin 𝜃 sin 

𝑟 sin 𝜃
= sin   

 

and 

 
𝑥𝑧

𝑥2+𝑦2  

 

=
𝑥𝑧

𝑟2−𝑧2  

 

=
 𝑟 sin 𝜃 cos   𝑟 cos 𝜃 

𝑟2sin 2𝜃
  

 

=
cos 𝜃

sin 𝜃
cos  = cot𝜃 cos  

 

With this the above equation simplifies to 

 

𝑳𝒙 = 𝒊ħ  𝐬𝐢𝐧 
𝝏

𝝏𝜽
+ 𝐜𝐨𝐭 𝜽 𝐜𝐨𝐬 

𝝏

𝝏
        

 (24) 

Lx in spherical polar 
coordinates



Similarly, 𝐿𝑦  in spherical polar coordinates is given as 

 

𝐿𝑦 = 𝑖ħ  𝑥
𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑥
   

 

𝐿𝑦 = 𝑖ħ   𝑥
𝜕𝑟

𝜕𝑧
− 𝑧

𝜕𝑟

𝜕𝑥
 
𝜕

𝜕𝑟
+  𝑥

𝜕𝜃

𝜕𝑧
− 𝑧

𝜕𝜃

𝜕𝑥
 

𝜕

𝜕𝜃
+  𝑥

𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑥
 
𝜕

𝜕
   

 

𝐿𝑦 = 𝑖ħ   
𝑥𝑧

𝑟
−

𝑧𝑥

𝑟
 

𝜕

𝜕𝑟
+  

−𝑥 𝑥2+𝑦2 
1 2 

𝑟2 −
𝑥𝑧2

 𝑥2+𝑦2 1 2 𝑟2
 
𝜕

𝜕𝜃
+  

𝑦𝑧

𝑥2+𝑦2
 
𝜕

𝜕
   

 

𝐿𝑦 = 𝑖ħ  −
𝑥

𝑟2
 
𝑥2+𝑦2+𝑧2

 𝑥2+𝑦2 1 2 
 
𝜕

𝜕𝜃
+  

𝑦𝑧

𝑥2+𝑦2
 
𝜕

𝜕
   

 

𝐿𝑦 = 𝑖ħ   −
𝑥

 𝑥2+𝑦2 1 2 
 
𝜕

𝜕𝜃
+  

𝑦𝑧

𝑥2+𝑦2
 
𝜕

𝜕
   

 

𝐿𝑦 = 𝑖ħ  −
𝑟 sin 𝜃 cos 

𝑟 sin 𝜃

𝜕

𝜕𝜃
+

 𝑟 sin 𝜃 sin   𝑟 cos 𝜃 

𝑟2sin 2𝜃

𝜕

𝜕
   

 

𝐿𝑦 = 𝑖ħ  − cos
𝜕

𝜕𝜃
+

cos 𝜃

sin 𝜃
sin 

𝜕

𝜕
   

 

𝐿𝑦 = 𝑖ħ  − cos
𝜕

𝜕𝜃
+ cot𝜃 sin 

𝜕

𝜕
        

 (25) 

Ly in spherical polar coordinates



Similarly, 𝐿𝑧  in spherical polar coordinates is given as 

 

𝐿𝑧 = 𝑖ħ  𝑦
𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑦
   

 

𝐿𝑧 = −𝑖ħ
𝜕

𝜕
          

 (26) 

 

■ 𝑳 𝟐 in spherical polar coordinates 

 

Say, Ψ is an arbitrary function of θ and , that is Ψ = Ψ 𝜃,  

 

𝐿𝑥 
2
Ψ  

 

= 𝐿𝑥  𝐿𝑥 Ψ   

 

= −ħ2  sin 
𝜕

𝜕𝜃
+ cot𝜃 cos 

𝜕

𝜕
  sin 

𝜕Ψ

𝜕𝜃
+ cot𝜃 cos

𝜕Ψ

𝜕
  (from eqm. 24) 

 

Similarly,  

 

𝐿𝑦 
2
Ψ  

 

= 𝐿𝑦  𝐿𝑦 Ψ   

 

= −ħ2  − cos 
𝜕

𝜕𝜃
+ cot𝜃 sin 

𝜕

𝜕
  − cos 

𝜕Ψ

𝜕𝜃
+ cot𝜃 sin 

𝜕Ψ

𝜕
   (from eqn. 25) 

 

and𝐿𝑧 
2
Ψ  

 

= 𝐿𝑧  𝐿𝑧 Ψ   

 

= −ħ2 𝜕2Ψ

𝜕2   (from eqn. 26) 

 

Hence, 𝐿2Ψ =  𝐿𝑥
2 + 𝐿𝑦

2 + 𝐿𝑧
2 Ψ  𝐿  = 𝐿  .𝐿  = 𝐿𝑥

2 + 𝐿𝑦
2 + 𝐿𝑧

2  

 

∴ 𝐿2Ψ = −ħ2  
1

sin 𝜃

𝜕

𝜕𝜃
 sin𝜃

𝜕Ψ

𝜕𝜃
 +

1

sin 2𝜃

𝜕2Ψ

𝜕2    

 

This follows that 

 

𝑳 𝟐 = −ħ𝟐  
𝟏

𝐬𝐢𝐧 𝜽

𝝏

𝝏𝜽
 𝐬𝐢𝐧𝜽

𝝏

𝝏𝜽
 +

𝟏

𝐬𝐢𝐧𝟐𝜽

𝝏𝟐

𝝏𝟐
       

 (27) 

 

*******

Lz in spherical polar 
coordinates

L2 in spherical polar coordinates



Final values :



*******





The derivation is lengthy; if you 
want I can send you; but final 
results are more important



Simultaneous eigen function of L2 and Lz:  Y l,m





 

𝑳 𝟐𝒀𝒍,𝒎𝒀 𝜽, = 𝜷ħ𝟐𝒀𝒍,𝒎 𝜽,          

 

𝑳𝒛 𝒀𝒍,𝒎 𝜽, = 𝒎ħ𝒀𝒍,𝒎 𝜽,    

Simultaneous eigen function of L2 and Lz:  Y l,m Question

Proof is there; if you want it , it can be 
sent

𝛽



 

𝑳 𝟐𝒀𝒍,𝒎𝒀 𝜽, = 𝜷ħ𝟐𝒀𝒍,𝒎 𝜽,          

 

𝑳𝒛 𝒀𝒍,𝒎 𝜽, = 𝒎ħ𝒀𝒍,𝒎 𝜽,    

Recalling the expressions for 𝐿𝑧  and 𝐿 2 in spherical polar coordinates the above equations are 

represented as 

 

−ħ2  
1

sin 𝜃

𝜕

𝜕𝜃
 sin𝜃

𝜕

𝜕𝜃
 +

1

sin 2𝜃

𝜕2

𝜕2 𝒀𝒍,𝒎 𝜃, = 𝜷ħ2𝒀𝒍,𝒎 𝜃,      

 

 

−𝑖ħ
𝜕𝒀𝒍,𝒎 𝜃 , 

𝜕
= 𝑚ħ𝒀𝒍,𝒎 𝜃,           

 

Applying the technique of separation of variables, that is, 

 

𝒀𝒍,𝒎 𝜽,  =  𝜽     

Question : separate the 
variables



To Find eigen function of LZ

Question : Find the 
eigen function of Lz







Question :Prove orthonormality













**To solve the  part of the equation(Sepn of variables)

Question : 
Separate theta 
and phi















x P x

x

P

x



𝑑 𝜃

𝑑𝜃
= −sin 𝜃

𝑑𝑃 𝑥

𝑑𝑥

and from 𝑥 = cos 𝜃

𝑑𝑥

𝑑𝜃
= −sin 𝜃

−
1

sin 𝜃

𝑑

𝑑𝜃
=

𝑑𝜃

𝑑𝑥

𝑑

𝑑𝜃
=

𝑑

𝑑𝑥

With these transformations eqn becomes

−
𝑑

𝑑𝑥
sin 𝜃 − sin 𝜃

𝑑𝑃 𝑥

𝑑𝑥
+  −

𝑚2

1−𝜆2
𝑃 𝜆 = 0

𝑑

𝑑𝑥
sin2𝜃

𝑑𝑃 𝑥

𝑑𝑥
+  −

𝑚2

1−𝑥2
𝑃 𝜆 = 0

𝑑

𝑑𝑥
1 − cos2𝜃

𝑑𝐹 𝜆

𝑑𝜆
+  −

𝑚2

1−𝑥2
𝑃 𝜆 = 0

𝑑

𝑑𝑥
1 − 𝑥2

𝑑𝑃 𝑥

𝑑𝑥
+  −

𝑚2

1−𝑥2
𝑃 𝜆 = 0

where, the range of 𝜆 = cos 𝜃 would be −1 ≤ 𝜆 ≤

+ 1 (cos 𝜃 varies from – 1 to + 1).

For 𝑚 = 0, eqn reduces to

𝑑

𝑑𝑥
1 − 𝑥2

𝑑𝑃 𝜆

𝑑𝜆
+ 𝑃 𝑥 = 0

𝒅𝟐𝑷 𝝀

𝒅𝒙𝟐
− 𝟐𝒙

𝒅𝑷 𝒙

𝒅𝒙
− 𝒙𝟐

𝒅𝟐𝑷 𝝀

𝒅𝝀𝟐
+ 𝑷 𝒙 = 𝟎



The above eqn. is a Legendre differential equation whose solutions can be expressed in terms of a power series in x subject

to the restriction that

 = 𝒍 𝒍 + 𝟏

where, 𝑙 = 0,1,2,3, ………, l is the “orbital angular momentum quantum number”

Thus, the eigenvalues of  𝐿2 are given as ħ𝟐 = 𝒍 𝒍 + 𝟏 ħ𝟐. Google classroom

𝒅𝟐𝑷 𝝀

𝒅𝒙𝟐
− 𝟐𝒙

𝒅𝑷 𝒙

𝒅𝒙
− 𝒙𝟐

𝒅𝟐𝑷 𝝀

𝒅𝝀𝟐
+ 𝑷 𝒙 = 𝟎 (for m = 0)

(1- x2) 
𝒅𝟐𝑷 𝒙

𝒅𝒙𝟐
− 𝟐𝒙

𝒅𝑷 𝒙

𝒅𝒙
+ [ −

𝐦𝟐

𝟏−𝐱𝟐
]𝑷 𝒙 = 𝟎



Therefore, (1- x2) 
𝒅𝟐𝑷 𝒙

𝒅𝒙𝟐
− 𝟐𝒙

𝒅𝑷 𝒙

𝒅𝒙
+ [𝒍 𝒍 + 𝟏 −

𝐦𝟐

𝟏−𝐱𝟐
]𝑷 𝒙 = 𝟎



Therefore, (1- x2) 
𝒅𝟐𝑷 𝒙

𝒅𝒙𝟐
− 𝟐𝒙

𝒅𝑷 𝒙

𝒅𝒙
+ [𝒍 𝒍 + 𝟏 −

𝐦𝟐

𝟏−𝐱𝟐
]𝑷 𝒙 = 𝟎

• The solutions to the above equation when m = 0 are called Legendre’s plynomials ; -1 ≤ 𝒙 ≤ +1   (0 ≤ 𝜽 ≤ 𝝅)

(1- x2) 
𝒅𝟐𝑷 𝒙

𝒅𝒙𝟐
− 𝟐𝒙

𝒅𝑷 𝒙

𝒅𝒙
+ [𝒍 𝒍 + 𝟏 ]𝑷 𝒙 = 𝟎

Associated Legendre Polynomials; m≠ 0

Sin𝜽𝒅𝒓𝒅𝜽d𝝋



The overall solution to the θ-part can be written as

𝒍 𝜽 =
𝟐𝒍+𝟏

𝟐

𝒍−𝒎 !

𝒍+𝒎 !

 𝟏 𝟐
−𝟏 𝒎𝑷𝒍

𝒎 𝐜𝐨𝐬𝜽

X = cos



The overall solution to the θ-part can be written as

𝒍 𝜽 =
𝟐𝒍+𝟏

𝟐

𝒍−𝒎 !

𝒍+𝒎 !

 𝟏 𝟐
−𝟏 𝒎𝑷𝒍

𝒎 𝐜𝐨𝐬𝜽

l=0, 
m=0

𝟐.𝟎+𝟏

𝟐

𝟎−𝟎 !

𝟎+𝟎 !

 𝟏 𝟐
= 

1

2
𝑃0(x) = 

1

200!

𝑑0

𝑑𝑥0
𝑥2 − 1 0 = 1 𝑃0

0 (x) = 1 − 𝑥2  
0

2 𝑑0

𝑑𝑥0
𝑃0(x) =1

l=1, 
m=0

𝟐.𝟏+𝟏

𝟐

𝟏−𝟎 !

𝟏+𝟎 !

 𝟏 𝟐
=

3

2
𝑃1(x) = 

1

211!

𝑑1

𝑑𝑥1
𝑥2 − 1 1 = x 𝑃1

0 (x) = 1 − 𝑥2  
0

2 𝑑0

𝑑𝑥0
𝑃0(x) = x

l=2, 
m=0

𝟐.𝟐+𝟏

𝟐

𝟐−𝟎 !

𝟐+𝟎 !

 𝟏 𝟐
=

5

2
𝑃2(x) = 

1

222!

𝑑2

𝑑𝑥2
𝑥2 − 1 2 = 

3𝑥2−1

2

𝑃2
0 (x) = 1 − 𝑥2  

0

2 𝑑0

𝑑𝑥0
𝑃0(x) = 

3𝑥2−1

2

l=1, 1 𝟐.𝟏+𝟏

𝟐

𝟏−𝟏 !

𝟏+𝟏 !

 𝟏 𝟐
=

3

4
𝑃1(x) = 

1

211!

𝑑1

𝑑𝑥1
𝑥2 − 1 1 = 𝑥 𝑃1

1
(x) = 1 − 𝑥2  

1

2 𝑑1

𝑑𝑥1
𝑃1(x) = 1 − 𝑥2  

1

2





 

𝑌𝑙 ,𝑚  𝜃,  =  𝜃     

  =
𝟏

 𝟐𝝅
𝒆𝒊𝒎 



The spherical harmonics is an eigen function of  Lz with eigen

values integral multiples of h



Restrictions imposed on values of l, m What are the values of  l and m ?



• Therefore there are (2l +1) values of m for each 

value of l

• Each energy level is (2l + 1) – fold degenerate



𝑳 𝟐𝒀𝒍,𝒎 𝜽,  =  ħ𝟐𝒀𝒍,𝒎 𝜽,  = 𝒍 𝒍+ 𝟏 ħ𝟐𝒀𝒍,𝒎 𝜽,   

𝑳𝒛 𝒀𝒍,𝒎 𝜽, = 𝒎ħ𝒀𝒍,𝒎 𝜽,    

• Hence, the magnitude of orbital angular momentum of a particle, 𝑳 , is

governed by the quantum number l and is given as

𝑳 = 𝒍 𝒍 + 𝟏 ħ𝟐

Figure 2: Angular momentum 𝑳 for a given value of 𝑳𝒛. Here 𝐜𝐨𝐬𝜽 =  𝑳𝒛 𝑳. Note

that 𝑳 may be oriented along any radial direction along the surface of the cone.



Let us now consider an example of a case for 𝒍 = 𝟐 then

𝑳 = 𝒍 𝒍 + 𝟏 ħ𝟐 = 𝟐 𝟐 + 𝟏 ħ𝟐 = 𝟔ħ𝟐

and𝐿𝑧 may have 2𝑙 + 1 = 2 × 2 + 1 = 5 values for 𝑚 = −2,−1,0,1,2, that is, the eigenvalues of 𝐿𝑧
will be given as −2ħ,−ħ, 0, ħ, 2ħ, this is pictorially represented in Figure 3.

Figure 3: Angular momentum vector 𝑳 = 𝟔ħfor 𝒍 = 𝟐, and the

𝟐𝒍 + 𝟏 = 𝟓 different values of 𝑳𝒛.

What is the difference between 𝑳 and 𝑳𝒛





Rigid Rotator Model

Suppose two masses are held rigidly apart at some fixed distance 𝑟0. For this freely rotating

system P.E. = 0, then

 𝑇 =
 𝐿2

2𝐼
=  𝐻 𝐼 = 𝜇𝑟0

2

Therefore, the Schrӧdinger equation

𝐻 𝑌 𝜃, = 𝐸𝑌 𝜃,    



𝐻 𝑌 𝜃, = 𝐸𝑌 𝜃,    

𝐿 2

2𝐼
𝑌 𝜃, = 𝐸𝑌 𝜃,    

Using 𝐿 2 = −ħ2  
1

sin 𝜃

𝜕

𝜕𝜃
 sin𝜃

𝜕

𝜕𝜃
 +

1

sin 2𝜃

𝜕2

𝜕2  

 

−
ħ2

2𝐼
 

1

sin 𝜃

𝜕

𝜕𝜃
 sin𝜃

𝜕

𝜕𝜃
 +

1

sin 2𝜃

𝜕2

𝜕2 𝑌 𝜃, = 𝐸𝑌 𝜃,    

Solution of this equation 𝐸 = 𝐸𝐽 = 𝐽 𝐽 + 1 
ħ2

2𝐼
 

where, rotational quantum number 𝐽 = 0,1,2,⋯⋯⋯ 

 

Also note that the energy of a rigid rotor according to classical mechanics is 𝐸 =
𝐿2

2𝐼
 

𝐿is the total angular momentum. 

 

By comparing the dimensionality we can easily see that 𝐸𝐽  must be some integral multiple of 

ħ2

2𝐼
 with 𝐽 being a dimensionless parameter. 

What are the energy eigen values of a 
Rigid rotor ?






