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« The technical term is "canonically conjugate" variables. For the moving electron,
the canonically conjugate variables are in two pairs: momentum and position are
one pair, and energy and time are another.

« A pair of physical variables describing a quantum-mechanical system such that their
commutator is a nonzero constant; either of them, but not both, can be precisely
specified at the same time.
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A. If the operators A and B commute, then it is possible to find a simultaneous set of 1.2 i\ -0
eigenfunctions. P

12,1,] =0

B. If the observables A and B are compatible, that is, if there exists a simultaneous set of

eigenfunctions of the operators A and B, then these operators must commute; [ A, B] = 0.

C. If the operators A and B do not commute, that is, if [ A, B] # 0, then there does not exist a
common set of eigenfunctions of the two operators. This means that the corresponding observables
can not have sharp values simultaneously; they are not compatible.
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erators in other coordinates  10.637

Lecture 8

Kinetic energy in spherical coordinates:

x h2 5
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Angular momentum operators in spherical coordinates:
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v2 is the Laplacian operator:
0° 0*

g2 _ . 2 (6-34)

0x* = 0y? = 9z2
The Laplacian operator V? occurs frequently in quantum mechanics. Equation
6-34 expresses V2 in Cartesian coordinates. If the system has a center of sym-
metry, such as the hydrogen atom with a central proton and an electron around
it, then it is more convenient to express V2 in spherical coordinates. Therefore,
it is necessary for us to be able to convert V2 from Cartesian coordinates to
spherical coordinates. The conversion of YZ from Cartesian coordinates to
someother system of coordinates requires that we use the chain rule of partial
differentiation. For example, suppose we consider the conversion of V2 from
Cartesian coordinates to plane polar coordinates. The relation between these
W0 coordinate systems is shown in . Suppose that a function f{(r, 9)
depends on the polar coordinates r and 0. Then the chain rule of partial dif-
ferentiation says that

-6 6.0
ox/, or Jo\9x/, a0 J, \dx
of o\ (oOr (A (ﬂ_({)

(%)x (E)n(bj’>x ! (’70)r Ay )« (6-35)

and that

I






nigenfunctions of angular momentum




Spherical Polar Coordinates

rsin 6 sin ¢

The radius vector 7 is given as

> -

F=0P=1Ix+]y+kz

r2 =x%+y?+z2

> Y
x=rsin9cos¢ r:\/x2+y2+zz 0<Lr
y=rsingsm ¢ O=cos" = 0<O0<rx
z=rcos@ r



z
r2 =x2+y% 422
From Figure 1 we have p
ﬁ"“:-_u
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y = rsin 0 sin ¢ o rsmﬂ:sm¢
z=rcosf ‘é\o“‘c 5N, ! -
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tan ¢ = " X
(10)

Hence, # = OP = irsin 6 cos ¢+ jrsin @ sin ¢ + kr cos 6
(11)

Fromeqgn. 9

dx = sin 6 cos ¢dr + r cos 8 cos pdb — rsin 6 sin pd ¢
(12)

dy = sin 0 sin ¢dr + r cos 0 sin ¢df + rsin 6 cos pd ¢
(13)

dz =cosf@dr —rsinf do
(14)

(8)

©9)

Using these relationships we have

5]
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Solving for dr, d6 and d¢ we have

dr = sin 0 cos ¢dx + sin 6 sin ¢dy + cos 0 dz
(15)
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From egn. 8 the following relations can be shown
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From eqn. 9
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From egn. 10
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Lx in spherical polar
coordinates

Hence, L, is spherical polar coordinate is given as
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Xz

x24y2
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With this the above equation simplifies to

L, = ih (sin ¢% + cot @ cos ¢%)
(24)



Ly in spherical polar coordinates

Similarly, L, y in spherical polar coordinates is given as

y a ox
7 — o _ or\o 99 _ 09\ 3 9¢ _ %)i}
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L ::ihAL—

cos 6 d
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Lz in spherical polar
coordinates

Similarly, L, in spherical polar coordinates is given as

L, ih Y
(26)

%k %k %k %k %k ok k

L2 in spherical polar coordinates

Say, W is an arbitrary function of 6 and ¢, that is ¥ = W(0, ¢)

L,'w

= L, (L,¥)

— — 12 (cin 42 9 (sin 2% o
= —h (sm¢ag+cot0cos¢a¢)(sm¢ag+cot9cos¢a¢)

Similarly,
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LW
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= —h?= (from eqgn. 26)

Hence, L2W = (L% + L2 + L2)¥

ayw=—m[

This follows that
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(from eqgn. 25)



Final values :
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igenfunctions of angular momentum



[2=—h* ia + coto 2 + (1 + cot?0) o
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eigenfunctions of angular momentum
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Spherical Polar Coordinates

" ( 8 8 )
L = lhksm ¢ % +cotfcos ¢ %) The derivation is lengthy; if you
want | can send you; but final
ltv i (cot Osin ¢ i ~cos ¢ i\ results are more important
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Simultaneous eigen function of L2and Lz: Y I.m




12,L;] = 0

2.5] - 0

omentum

s of angular momentum
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| -none of the two components of angular momentum can be measured
simultanously (they from canonically conjugate pair and hence Heisenberg uncertainty principle

18 applicable). On the contrary, the operator I commutes with any component of L implying
that simultaneous measurement of £2 and one of the components of L (say L) may be possible.

30 to say, simultaneous eigenfunctions of any two components of L is not possible but
simultaneous eleenfunctions of 72 and 7~ (ar anv athar cnemnanant af T raw ha ahtained



Question

Simultaneous eigen function of L2and Lz: Y I.m

The eigenvalue of L, is customarily designated as mh where m is a constant which is to

be evaluated from solution of the corresponding eigenvalue equation. It is, however, noteworthy
in this context that angular momentum has the dimension [M][L?][T~2][T], that is, the

dimension of product of energy and time (e.g., joule-second). Given that the dimension of h is
exactly the same (unit of h is joule-second), it is not irrational to designate the eigenvalues of L,
by mh (m being constant). Similarly, the eigenvalue of L? would be denoted as 8h? (a being a

constant).
Thus, the eigenvalue equation can be written as

L*Y Y (6, ) = B0*Y 1, (6, )

Proof is there; if you want it , it can be
sent

i;Yl,m (9, ¢) — mhyl,m(e; ¢)




L2 Yl,mY(H; ¢) — ﬁhz Yl,m(B, ¢)

i;yl,m(er ¢) — mhyl,m(ei ¢)

Recalling the expressions for L, and L? in spherical polar coordinates the above equations are
represented as

— 2[1 6(_ 6) 1 02
L = —h — | sing@ + .

sin@ 90 20 sin?20 dg¢?

b2 [ (sin 017 + o 2| Vi (6, 8) = BBV 1, (60, 9

sin 6

—ih ay,,?;9,¢) = mhY,;,(6, ¢)

Applying the technique of separation of variables, that is, Question : separate the
variables

Y1m(0, 9) = 6X(6) P(¢)




To Find elgen function of L

~ih&(9) 3 2 = mhe(6) A4

—ih ¥y ;i’ﬂ = mhY (0, ¢) Dividing throughout by &X8) &(¢)
a ; . . 1 NP
Applying the technique of separation of variables, “ha;,‘T,‘ = mh
Y(6,9) = @(9)“@ dlna(y .
e —im
. 3O(0)N(§)
—ih = mheéx0
- X0) A9) e
On integration
Question : Find the In &(¢) = img + C (integration constant)
eigen function of Lz
q@ — e(mﬁ-c
dX¢) = Aet™¢

A 1s the normalization constant.



d(¢g) = A ¢+ 2m) in order to satisfy the condition of single-valuedness. he
< . nce,

(¢ = Ael™ = g+ 2m) = Aelm(g+2m) Aelmégiman
This follows that

elm2n = 1

which is poss:blc whcn m = 0, 11 1;2 1'3



m Evaluation of the nNormalization constant 4
JoT KB X Pdp = 1

Jo"(aetm9) (aetmyag - 4

A4 5T e=tmogtmey 4 _

lA1% 5" dg = 1

1A17QRn) = 1

Hence, |4| = \,.;?

With this the complete solution for the g-part may be given as

s, K img
I F) = ==

27T




= Orthonormality of the function 2 @)

1 _im¢ d
2 2n zm¢ (——-e' ) ¢
1 2 0 (s (&) (7
= (" (_L img\" (1 =
fo (\/zTre m¢) (ﬁem") dg -'i; : ez(m m)¢d¢
1 (2n -
~ 20
. eln-m)g 27
- . only when n # m 1 |¢|2n
=1%o
2n
=21 [,ln-~
2n(n-m) [e n~m)zmw _ 1] = () whenn # m i (211’) -
—-;'7; —

Remembering €' = cog 0 + ¢ gf
no,
— and m and n both being integers (n

- m) will also be ar

Question :Prove orthonormality
Now form =n

fozn P (9)* D (PHdy




In general we can write

2% 0" 02(A)d4= b

Oif m#n

Whete,Omn = 1 jf m = 1

that is, the eigenfunctions of I, form an orthonormal set of functions, {@y,(¢)}, where, m =
0,41,12,13,......



**To solve the O part of the equation(Sepn of variables)

—H [?%Eb%(smgao) 51:20 a¢’] ¥(6,4) = Bh’Y (8, ¢)

.y (sin 967(64)) (Y

slnG 20 a6 sin?g0 adz + By(e ¢) 0 Question :
Separate theta
Writing ¥(6, ) = 6(8) 2 g) e

e (]nﬂdqa)“ﬂ)-}. 1 d?ex A0) A §)

sin@ do ag sin?g 7‘ + w(ﬂ) d)(¢) 0
Dividing throughout by @(9) A ¢)

1 1 d 0(0) 1
é(6) sin6 db a5 )+7£(3;T,ﬁ7-+¢3=0




1 ngdﬂﬂ)){ﬂi__ 3“‘)

AG)sn ""9 AP)sinig g7 T P=0

sinf@[ 1 d ( . _doo) _ L P

X0) Lsin@ do (sm 6 do ) + ﬁ@(9)] = — =
sin?0[ 1 4

&0) Lsino dg (sm 6 ﬁ) £a ﬁ@(f?)] m?

o a0\ 0 55) + (B~ 7) 60) = 0




5 (n0422) 4 (- ) o0 =

X = cos@ and P (x) = &(0)

dp(2) _deXg) _ doXe) _ 1 d0)

e —— ey ree——————
—_—*._-

and hence, i, dx _ d(cos0) sinf do




a) _ _ sin 6 €D
0 “ where, the range of A = cos8 would be —1 <A1 <
and from x = cos 6 + 1 (cos @ varies from—1to + 1).
% — _sing For m = 0, egn reduces to
1 d _ddd _d _ dP(A) .
_smGdG dxde ~ dx [(1 ]+BP( ) 0

With these transformations eqgn becomes d?2P(2) 2 dP(x) 2 d?2P(2)
— x —
dx? dx dA?

+ BP(x) =0

— % sin @ (— sin 6 dl;gcx))] (

fono 2]+

a -(1 — c0s%60) —— dF(/D (

)P()L)—O

B 1711;2) P(2) =0

)P(/l) ~ 0

L= 22+ (5 - Z)p) =



d*P(4) dP(x) o d*P(})

dx?2 2x dx X~ — 2 +BP(x) =0 (form=0)
d*P(x) dP(x) m?2 B
(1-¥)—=5"—2x— =+ [P — 1_X2]P(x) =0

The above eqn. is a Legendre differential equation whose solutions can be expressed in terms of a power series in x subject
to the restriction that

I?Y(6,¢) = Bh?Y (8, §)

B=Il+1)

L,Y(6, ) = mhY(6,
where, [ = 0,1,2,3, ... ... ..., | is the “orbital angular momentum quantum number” % ( d) ( ¢)
Thus, the eigenvalues of L? are given as th = I(l + 1)h?. Google classroom

d%P(x) dP(x) 2
Therefore, (1- x? — 2 1) — P(x) =0
erefore, (1-x%) —— x—=+[ll+1) ——] (x)



d?P(x) dP(x) m?
Therefore, (1- x?) - —2x——+ [L(l+1 XZ]P(x) =0
2 X X
1) =2 — 2x EE 4 10+ D]P(x) = 0

* The solutions to the above equation when m =0 are called Legendre’s plynomials ;-1 < x <+1 (0< 0 < m)

» _ ' l/l 2 |
Prx)s o= (- 1),

21 dx
Pl"x) =1 - o p P((x) Associated Legendre Polynomials; m+ 0
J'jl (X)P(x)dx = f d0 sin 0P (cos 0)P,(cos ) = _20m_ dt = r? sinBdrd0de
20 + 1 sin 0d0, is the “0 part” of dr

pF)P™(x) = | dO sin OP|™(cos 0 Pl"l(cos 6) = 2 (I+ lml)' N, _ [(21 +1)( - |m|)!]1/2




The overall solution to the #-part can be written as

. \11/2
0,(0) = |5~ L=l (—1)mP™ (cos 0)

2 (I+m)!
, m {
@1+ 1) (1 = |m|)1]V2 IR LA Prs - Loy
N,m=[ 72 (l+{m:)!] Plri(x) = (1 = x*)™* = Pi) Aol arriien L)

The First Few Associated Legendre Functions PJ™ (x)

Pix) = 1
Pi(x) = x = cos 0
Pi(x) = (1 — x?)"2 = gin
PYx) = 4(3x* ~ 1) = §(3 cos? 0 — 1)
PAx) = 3x(1 — x?)2 . 3 cos () sin 0
Pix) = 3(1 — x?) = 3 sin? 0
PY(x) = 4(5x3® — 3x) = 4(5 cos® 0 — 3 cos 0)
Pi(x) = 3(5x? — D — x2)1/2 3(5 cos?2 0 — 1)sin 0
P3(x) = 15x(1 — x?) = 15 cos 0 sin2 0
P3(x) = 15(1 — x2)%2 _ 1§ «in3

X =cos@



The overall solution to the #-part can be written as

_ere-mn 2
©:(6) _[ 2 (l+m)! (—1)™P;"*(cos 6)
. L U e P g
Nim = [(21‘2*' 1) g - l:B:] P (x) NTRN (- 1), pirix) = (1 — %) llzz;;P:(x)

[20+1(0 0)']1/2_ L Py(x)= S (2 —1)%=1 RO =(1 — x2) /2 Po(X) =
2 (0+0)!

m= 0 200'd 0

=1, 2.1+1 (1-0)11Y2 |3 1 ) POl 2 (1 — 52 /zd  Pylx
m=0 2 arol Az P;(x) = EF(X — 1)t=x (%) = ( ) o(x) =

3x%-1

=2, 22+12-0)2 |5 _ 1 a? . o 2 Pox)=(1 — x2) /Zd 5 Po(x) =
m=0 2 @+l T2 )= (x 1)2= ? °

I=1,1 2141 (1—1)!]1/2_

Pl =(1 — x2) /2 Pl(x) (1 - x2)

1w
O
o
]
R =
tn ¥
N
=
N
|
p—
N—/
=
]
=

y 4 AN\



Table 6.2 Some Associated Legendre Functions

|

M I P (cos 6) N
0 | 1/\2
1 cos 0 \3/2
2 172 (3 cos’ 0 — 1) N5/2
3 3/2(5/3 cos’ 0 - cos 0) N1/2
| sin O N3/4
2 3sinBcos O \5/12
3 3/25in 0 (5 cos® 8- 1) \N7/24
2 3 sin” 0 5748
3 15 sin® O cos O V77240




1 (0, 9) = 6(0) A(9)

. ok I‘ 1/2
N

The First Few Spherical Harmonics

YS = —————1
05 @R F
/2
( 411_) cos 6
Y§i = ( snn 2

( sin Oe ™
/2
2 (LS
(l 671:) (3 cos* O 1)
I2
( ) sin 0 cos Oe'?
87t

15!/
( sin 0 cos Qe '*

) r 2 24dh
2 = (12"> sin? Oe

7 185 \1/2

D(¢) =

L eim¢

V2m




The spherical harmonics is an eigen function of Lz with eigen
values integral multiples of k

¥ 4

[ we
Furthermore, bgcause L,. acts ugo.n only ¢, also have that the sphericy
harmonics are eigenfunctions of L

£.Y70, ) = NimL:PI"(cos O)e"™
=N ,,,,P]’"'(cos )L ¢'™¢
= hmYT(6, ¢) B,



Restrictions imposed on values of |, m

What are the values of land m?

L2YT(O, ) = m2*h2YT(0, ¢)

usc ~
and beca L2YT(O, ¢) = I + VDR2Y(O, ¢)
! L3 e L3 4 L2 4 L2
then

02— L)Y, ¢) = (LI + L)YT0, ¢) = [I( + 1) — m*JA*Y7(60, ¢) (6-88)

Thus. the observed values of L + Ly are [I(I + 1) — m*]h*; but because
12+ L, is the sum of two squared terms it cannot be negative, and so we
have that

[+ 1) — m?*]p2 =0
or that

Il + 1) > m? (6-89)
Eguation 6-89 says that

Im| < I
or that the only possible values of the integer m are
r =0’ i‘l, iz,"°’ il (6-90)



* Therefore there are (2| +1) values of m for each
value of |

« Each energy level is (2| + 1) — fold degenerate



izYllm(H, ¢) — ﬁhzyl,m(e; ¢) — l(l + 1)hzyl,m(9: ¢)

i;Yl,m(ei ¢) - mhyl,m(ei ¢)

» Hence, the magnitude of orbital angular momentum of a particle, |L|, is
governed by the quantum number | and is given as

L] = /11 + 1)h? 2

Figure 2: Angular momentum L for a given value of L,. Here cos @ = L,/L. Note
that L may be oriented along any radial direction along the surface of the cone.



Let us now consider an example of a case for I = 2 then

IL| = JI(l + 1Dh2 = \/2(2 + 1)h? = V/6h?

andL, may have (2l + 1) = (2 x 2 + 1) = 5 values for m = —2,—-1,0,1,2, that is, the eigenvalues of L,
will be given as —2h, —h, 0, h, 2h, this is pictorially represented in Figure 3.

Cone 1

What is the difference between |L| and L,

Cone 2

Cone 3

Cone 4

Figure 3: Angular momentum vector |L| = v/6hfor I = 2, and the
(21 + 1) = 5 different values of L,.



Visualization for /=2 L*Y™(6,9) =h*I(1+1)Y"(0,9)

L,Y"(0.9) =mhY,"(6,¢)
[1=0,1,2,3:-- m=0,+1,£2...%]

NI+ 1) = 2.449
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—
<o

—-

o

— -

—
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Rigid Rotator Model

Suppose two masses are held rigidly apart at some fixed distance r,. For this freely rotating
system P.E. = 0, then

72

A L —~
T=—=H (I = ury?)

Therefore, the Schrodinger equation
HY(6,9) = EY (6, ¢)



HY(6,¢) = EY (0, 9)
zz
~Y(6,4) = EY(6,9)
What are the energy eigen values of a

- 1 0 d 1 92 .
N L2 = —hz [ —( in —) ] Rigid rotor ?
Us g sin @ 060 Sin 6 a0 T sin26 6¢2

L2 (sine ) + S v, §=EV6.9

sin 6 060
Solution of this equation E = E; = J(J + 1)1 5
where, rotational quantum number J = 0,1,2, -« -+~

2
Also note that the energy of a rigid rotor according to classical mechanics is E = g—l

Lis the total angular momentum.

By comparing the dimensionality we can easily see that E; must be some integral multiple of

n2 . i i :
py with J being a dimensionless parameter.



Spherical Harmonics
1

[ == . 0 9. D) = c—
U }u (0, ¢ ) \/1—7‘_
Y{'(0.0) = - Esinfh""‘ A
o | ' NTT LZ Y,m(e.fp) =h21(’+1)ylon(9"p)
YO(0,0) = \/ T: o L Y"(0,p) =mhY"(0,9)

/1=0,1,23.
T . /”’ 22 0 i
Yy (0, 0) = =\ sin” t m=0,+1,42... 4]

= ; £ |
£ =2, Y, (0.0) = —\/ 2 sin 6 cos B
. 87




Why spherical harmonics are useful

1) The spherical harmonics are orthonormal:

T i " [] I'-f =~ ‘I"' 2 #
-L dﬂSin{?Jﬂ dﬂ?r f'Jr:'[E.q:']F.lm[H'qj]=lq 1 e et

ifl="andm=m"

(or [aQY", Y

fery

={i?]

2) The spherical harmonics are a complete set of functions:

f0.0)=3 3 a,Y,(6,0)

=i} pre=|



